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ABSTRACT  

Stokes’ second problem in an isotropic, rigid, 

homogeneous porous medium is considered 

under isothermal conditions. The problem is 

solved by means of a numerical solution based 

on the finite volume technique. The aim of the 

analysis is to understand the time flow evolution 

behavior in a porous media, as well as to identify 

the effect of the porous media characteristics 

over a fluid behavior. The analysis allows 

determining that the permeability variation 

highly affects the velocity profiles, whereas the 

effect of the porosity, however, is only 

noteworthy at low permeability conditions. 

INTRODUCTION 

The Stokes’ problems refer to a fluid dynamics 

particular case in which a flow field experiences 

the effect of a boundary condition in constant 

movement. Consider an enclosure filled with a 

fluid, the first Stokes problem considers the 

effect of a sudden motion that starts from rest, 

whereas the second Stokes problem, which is the 

case of the present study, considers the effect of 

an infinite flat wall which executes linear 

harmonic oscillations parallel to itself. 

 

This particular case of fluid dynamics has been 

of especial importance since the widely spectrum 

of applications that can be explorer by means of 

fully understanding this dynamic fluid behavior. 

Recently, for example, exact solutions including 

both steady periodic and transient velocity 

profiles for Stokes and Couette flows subject to 

slip conditions were provided by the work of  

Khaled and Vafai [1]. In the study of Ai and 

Vafai [2], eight non-Newtonian models are 

studied in an unsteady flow, meaning that these 

non-Newtonian models were submitted to the 

second Stokes problem conditions.  Devakar et 

al. [3] solved the problem for the case of 

incompressible fluids. Some other solutions for 

second Stokes problem for rarefied fluids have 

been also recently proposed [4]. 

 

The study of porous media, on the other hand, is 

also a widely analyzed topic. Its study, however, 

is commonly related to other particular cases, 

here the effect of the characteristics of the media 

are analyzed. For instance, some works have 

investigated the effect of the porous media 

properties causing the development of vortex 

rings [5, 6].    

 

Blending the porous media problem and the 

second Stokes problem could result into a better 

comprehension of this widely applied topic 

(porous media), also it might contribute to the 

better understanding and promotion of the 

second Stokes as means of leading to the 

increment in performance of some common 

systems (for example, the practical nanoscale 

application of an oscillatory system [7]). Other 

application could be a shear-driven pump in 

microfluidic devices. Bidigesters, is another 

possible application that might be of interest, 

since the understanding of the adhesion to a wall 

in harmonic movement could contribute to 

increase the performance of the produced 

reactions. 

 

To the knowledge of the authors, the current 

technical literature still lacks of studies that take 

into account the presence of a porous media for 

the Stokes second problem. In this work, in order 

to contribute to our understanding of the 

fundamental characteristics of the porous media 

and the second Stokes problem, a numerical 

analysis of flow thorough a highly porous 

medium is performed, observing the effects of 

this kind of media on the second Stokes problem. 

The dependence of the porous properties on 

some parameters of the phenomena are 

investigated and discussed.   
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Oscillating plate 

u(x,t)= U0cos ωt 

MODEL DESCRIPTION 

The second Stokes problem defines one of the 

exact solutions of the Navier-Stokes equations. 

The problem consists of an infinite horizontal 

plate oscillating with a frequency ω, whose 

oscillation is assumed of having been applied 

during a long period of time, so the initial 

conditions can be ignored. The oscillating 

velocity has the form of u(0,t)=U0cosωt, where 

U0  represents the amplitude of the velocity of 

the plate. In the present study, and now that an 

special interest is focused only in observing the 

effect of the characteristic of the media,  U0 and 

ω take constant values of 1 m/s and π/4, 

respectively. 
 

In the present study a two-dimensional, transient 

flow inside a rectangular domain completely 

filled with air in an isotropic, rigid and 

homogeneous porous medium is considered, see 

Figure 1. Figure 1 also presents the main 

boundary conditions for the present analysis. The 

general assumptions are as follows: 

 The boundary horizontal plate moves only in 

the x direction.  

 There are not any forces applied on the fluid, 

therefore, the pressure gradient is cero. 

 Incompressible flow. 

 The body forces are negligible. 

 Constant fluid properties. 

 Isothermal and laminar flow. 

 Porous medium assumed to be isotropic, rigid 

and homogeneous. 
 

The general equation for a control volume under 

these conditions is represented with Brinkman-

Hazen-Dupuit-Darcy model [8] via local volume 

averaging for the mass and momentum equations 

[10]:  
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Figure 1. Flow domain and boundary conditions. 

The porosity, ϕ, in Eq. (2) is defined as: 
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where Af  and AT are the areas occupied by the 

fluid and the total vertical cross sectional area of 

the tank, respectively. The fluid density ρ, and 

fluid dynamic viscosity μ, parameters in Eq. (2), 

can be measured independently. However, μeff, K 

and C, which respectively stand for the effective 

viscosity, permeability and inertial resistance 

factor, all depend on the geometry of the 

permeable medium and cannot be measured 

directly nor calculated analytically, still is 

missing a model relating these properties to more 

basic (measurable) quantities valid for all porous 

media [10]. For a highly porous medium (close 

to unity), Brinkman suggest that can be 

approximated by Einstein’s formula: 
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For lower porosities Brinkman suspected that μeff  

should be lower than μ. A good assumption, 

however, is to approximate μeff  by μ now that not 

a precise dependence is known. This supposition 

is also followed in the present study. An 

alternative form of the Brinkman-Hazen-Dupuit-

Darcy model replaces C by Cf/K
1/2

, where Cf 

often takes the value of 0.55 [11]. 

fC
C

K
  (5) 

 
In the present study the effect of the porosity, 

permeability, viscous resistance coefficient and 

inertial resistance factor on the dynamics of a 

flow through a permeable porous media is 

studied. A range between 10
-1

-10
-6

 (m
2
) is 

considered for the permeability, and a range of 

0.2-0.8 for the case of the porosity. Therefore the 

value of C varies from 1.74 < C < 550 (1/m) 

(Table 1). 

 
Table 1. Representative of porous media properties. 

𝜙 K (m
2
) C (1/m) 

0.1 →  0.7 10
-1

 → 10-6 1.74 → 550 

 

RESULTS 

 

A computational commercial code (Fluent®) 

base on the finite volume discretization 

technique was used to perform the solution of the 

Homogeneous 

Porous Media 

 

y 

x 

Periodic Periodic 

Wall 

No slip condition 
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governing equations. The solver method is 

segregated and a second-order accurate 

discretization in space is used. The model 

considers the SIMPLEC (Semi-Implicit Method 

for Pressure-Linked Equations Consistent) 

pressure-velocity coupling algorithm for finding 

the solution. Numerical convergence is defined 

based on the residuals for mass and momentum 

equations, the convergence criterion for the 

residuals was set to 10
-6

. 

 

Sensitivity mesh analysis 

 

A sensitivity mesh analysis was performed in 

order to achieve convergence acceleration within 

a reasonable exactness. Three different grid size 

were considered: Δy = 10, 1, and 0.1 mm, 

together with three different time steps: Δt = 0.5, 

0.25 and 0.125 s. As a reference criterion, 

velocity profiles are calculated by numerical 

methods to achieve an optimum grid (Δx,Δy) and 

time step (Δt) size. The grid is only refined in the 

y direction, due to independence of the flow 

along x-axis; under such circumstances the mesh 

space in the x direction does not highly affects 

the numerical solution. 

 

Figure 2 and 3 present results of the sensitivity 

analysis. According to Figure 2, which shows a 

velocity profile at specific conditions for the 

particular case of the second stokes problem in a 

non-porous medium, a significant influence of 

the grid size is observed; obviously, as Δy is 

reduced the velocity profiles become closer to 

each other indicating that the solution is 

independent of the grid density. Base on this, a 

Δy = 0.1 mm is selected to perform the analysis.  

 

 
Figure 2. Velocity profile with different grid size (K=10-1m2 

and 𝜙= 0.4). 

 

Figure 3 shows the dependence of the time step 

zise (Δt) on the numerical solution. Accordingly, 

a barely appreciable difference between the 

velocity profiles for each Δt evaluated is 

observed, such variation is even hardly visible 

for Δt values lower than 0.25, thus this value is 

selected to perform the analysis. 

 

 
Figure 3. Velocity profile with different grid size (K=10-1m2 

and 𝜙= 0.4). 

 

Validation 

 

With the intention of validating the present 

model, the analytical solution of the Second 

Stokes problem under a non-porous medium is 

developed and then compared with the numerical 

results obtained for the same problem.  Under the 

previous stated assumptions and considering a 

non-porous media, the Navier-Stokes equations 

are reduced to: 
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Equation 6 is a second order partial differential 

equation whose solution is commonly proposed 

by using the traditional Fourier method; in this 

case the solution is supposed to be the product of 

a lineal and an exponential function: 

 

            
])([),( tieyfretyu   (7)

 

In Eq. 7 i is the imaginary number, ω stands for 

the frequency of the plate, and re is an operator; 

it only takes the real part of the term at which it 

operates. The form of the proposed solution 

allows essentially to two things: first, it can 

transform a partial differential equation into a 

homogeneous and lineal ordinary differential 

equation which is relatively easy to solve, see 

Eq. (8); and secondly, mathematically it 

associates the boundary conditions with the form 

of the solution:  
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Figure 4. Comparison of the numerical and analytical results, Second Stokes problem solution, ω= π/4. 
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The solution of the Eq. (8) is: 
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Applying the boundary conditions to Eq. (9), the 

final solution is: 

 

)/cos(
),( /
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Eq. (10) describes the velocity profiles of a fluid 

caused by an oscillating plate, as a function of 

the position y, frequency ω, time t, and fluid 

properties. Accordingly, the fluid velocity 

oscillates in time with the same frequency as the 

boundary condition does. The maximum 

amplitude is found at y=0, the amplitude 

decreases inversely with the position y. Also, Eq. 

(10) reveals the existence of a fluid’s lag 

movement with respect the oscillating plate 

given by y/a. 

 

In Figure 4, the analytical solution is plotted at 

different t values; the obtained trends are 

compared to the numerical results.  According to 

Figure 4, the velocity profiles present a similar 

trend and the differences between the numerical 

and analytical results are even hardly 

appreciated, indicating the viability of the 

numerical solution to perform the analysis. 

Figure 4, also shows some other interesting 

features. For example, it should be noted that 

only a certain amount of fluid is affected by the 

oscillating plate’s movement (observe that for y 

values larger than 3 cm the fluid keeps a zero 

velocity). Interestingly, and standing for the 

second feature, this zero velocity condition is not 

only observed at such far away zones, the trends 

indicate that for each time, at a specific position,  

the fluid presents point of none x-velocity; the 

oscillating flow movement results in some 

stagnation points. Similarly, a condition of 

maximum velocity is observed. These conditions 

of minimal and maximum x-velocities are not 

unexpected at all; they result from the nature of 

the problem which is characterized by an 

oscillating boundary condition applied at the 

bottom boundary. 

 

Porous medium effect 

 
Figure 5. Local transport behavior depending of the 

permeability of the media, ϕ=0.7, t= 1s, ω=π/4.  

 

Figure 5 shows the effect of the permeability 

over the flow behavior at a specific time of 1s. 

The fact that at y=0 the fluid takes the plate  
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(a) 

 
(b) 

Figure 6. Local transport behavior depending on the porosity of the media, (a) K=10-1; (b) K=10-6 m2; t= 1s, ω=π/4.  

 

velocity (not slipping condition), should be 

observed. As y increases, the velocity profiles 

have a similar trend; however the magnitude is 

affected by the characteristics of the media. 

Accordingly, the permeability represents a main 

factor which significantly affects the velocity 

trends. As the permeability decreases, there 

exists also a decrease of the amount of flow that 

is affected by the oscillating boundary condition; 

observe how for the case of lowest permeability 

(K=10
-6 

m
2
), just only the fluid that below 0.005 

m experiences a change in its momentum, the 

rest of the flow stays static. As the permeability 

increases the velocity profiles tend to second 

Stokes problem’s solution for a non-porous 

medium, affecting also a larger portion of the 

fluid. This behavior can be understood reviewing 

the Brinkman-Hazen-Dupuit-Darcy model (Eq. 

(2)): when the permeability tends to infinite, the 

effect of the viscous resistance term becomes 

negligible (as does the inertial loss term as well, 

observe Eq. (4).) 

 

The effect of the porosity variation is described 

in Figure 6, for two permeability values. 

Accordingly, the effect of the porosity is minimal 

for the cases of higher permeability (results in 

Fig. 6, (a)). Conversely, whether the media has a 

low permeability, the porosity plays a primary 

role in the flow field (see Figure 6, (b)); in this 

case the higher the porosity the lower amount of 

fluid that is affected.  The results then show that 

the interaction between the fluid and a media 

with a low permeability reduces the possibility of 

the fluid to increase its kinetic energy. The 

porosity, on the other hand, plays a secondary 

effect, its decrease allows the momentum 

transfer from the plate to the fluids, however this 

effect is more notorious for the cases of low 

permeability. 

 

Figure 7 now shows the solution of the second 

Stokes problem considering two different viscous 

resistance coefficients (ϕ/K) for a specific time of 1 

s. When such coefficient is low, there are not 

significant differences between the extreme cases 

(low permeability and porosity, and high 

permeability and porosity), furthermore the 

velocity profiles and the form of the solution of the 

second Stokes problem are similar. This shows that 

a low viscous resistance coefficient is a sufficient 

condition to diminish exceedingly the possible 

effects of the variation in the permeability and 

porosity of the media.   

 

On the other hand, a high viscous resistance 

coefficient allows having significant differences 

between the profiles described by the extreme 

cases. The Figure 7 the velocity trends show an 

inverted behavior to the results in Figure 5 in 

which as the permeability increases the flow 

behavior tends to be equal to the one obtained by 

the analytical solution. This suggests that under the 

conditions of constant viscous resistance 

coefficient the parameter that dominates on the 

flow behavior is the porosity or as a consequence, 

the amount of mass of fluid that is in the system 

(see Eq. (2)). 

 

According to the definition of the porosity, as the 

porosity is larger, the momentum (transmitted by 

the plate to the fluid) is distributed to a larger 

amount of fluid, so according to the conservation 

of momentum (Eq. (1)) the velocity of the fluid has 

to be lower. 
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(a) 

 
(b) 

Figure 7.  Velocity profiles taking a constant value of the viscous resistance coefficient; (a) 1/α =1 m-2 (b) 1/α=50 m-2 ; t= 1s, ω=π/4. 

 

Therefore, under the assumption that a constant 

viscous resistance media is present, the flow 

behavior will be more influenced by the porosity 

than by the permeability of the media. Now, as the 

porosity decreases, the flow tends to the behavior 

of the solution of the second Stokes problem even 

though the increase in the permeability. 

 

CONCLUSIONS 

 

The present study shows the solution of the 

second Stokes problem in a porous media. The 

study is performed determining the effect of the 

characteristics of the media on the flow behavior. 

The study is validated through the comparison of 

the analytical and numerical solution of the 

second Stokes problem. This work demonstrates 

the applicability of these kinds of study to 

understand the properties of a certain 

phenomenon, in this case the characteristics of 

the porous media and its interaction with a 

particular fluid.   

 

The analysis of the permeability variation 

showed that as the permeability increases the 

flow behavior tends to be similar to the one 

obtained by the solution of the second Stokes 

problem in a non-porous medium. The porosity 

variation allows observing that the lower the 

porosity the higher the velocities of the fluid near 

to the plate. This is essentially due to two factors: 

i) firstly, as the porosity decreases the viscous 

resistance of the media does too; it helps the 

fluid to increase its kinetic energy; and ii) 

secondly, the amount of fluid is also smaller and, 

according with the conservation of momentum, 

the velocity of the fluid has to be higher.   

 

 

The porosity effect is more significant as the 

permeability is smaller; this is due to the fact that 

as the permeability is lower the change in the 

porosity has a bigger effect on the viscous 

resistance coefficient. 

 

When the viscous resistance of the media is 

constant, the porosity is the parameter that 

dominates the flow behavior. In the case of a low 

viscous resistance coefficient the effect of 

change in the porosity and/or permeability is 

negligible. However as the viscous resistance 

increases, the effect of the change in the 

permeability and porosity is also greater. 

 

NOMENCLATURE 
 

Af Area occupied by the fluid (m
2
) 

AT Total area of the media (m
2
) 

C Form coefficient (s
2
 m

-2
) 

C2 Inertial resistance factor (m
-1

) 

i Imaginary number 

K Permeability (m
2
) 

t Time (s) 

U Velocity (m s
-1

)  

U0 Maximum velocity of the plate (m s
-1

) 

Vi Velocity in the i direction (m s
-1

) 

 

Greek symbols  

1/α  Viscous resistance coefficient (m
-2

) 

Δt Time interval (s) 

Δx Interval size in the x direction (m) 

Δy Interval size in the y direction (m) 

Μ Dynamic viscosity (kg s m
-2

) 

μe Effective viscosity (kg s m
-2

) 

ρ Density (kg m
-3

) 

𝜙 Porosity 

ω Frequency (rad s
-1

) 
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