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ABSTRACT  

The paper examines the kinematics of working 

equipment of a single-bucket excavator during an 

impact of a bucket against a fixed obstacle. Based 

on the assumed dynamic model of a single-bucket 

excavator, kinematic relations have been 

introduced for any configuration of the equipment 

between its characteristic points, describing the 

behaviour of the system during the impact. The 

paper presents the results of numerical calculations 

of momentary velocities of certain elements of the 

working equipment of an excavator during the 

impact. 
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INTRODUCTION 

In some issues of the dynamics of material 
systems we deal with instantaneous forces 
which, applied to the system in a short range of 
time, reach considerable values in relation to 
external forces and cause the increase of 
momentary velocities during the work of the 
equipment. Loads of this kind occurs in the 
well-known phenomenon – namely – impact. 
During emergency work of a single-bucket 
excavator, the appearing phenomenon of impact 
causes undesirable loads of its elements. An 
example for occurrence of such impact is an 
impact of a bucket of a single-bucket excavator 
against a fixed obstacle during ground mining. 
Despite considerable interest in the dynamics of 
working machines, the influence of impacts 
occurring during the work of an excavator’s 
working equipment is still a very interesting 
issue for study. This problem requires in-depth 
explanation because the phenomenon of impact 
occurring during work of excavator’s working 
equipment constitutes a gap in the published 
elaborations concerning its loads and dynamic 
relocations. The dynamic loads of driving 
elements of excavator’s work equipment were 
determined in the work [1, 2]. The method of 
solving the problem of impact is the same as in 
publication [1, 2]. The step speed changes of 
parts of work equipment generated by the 
impact of bucket were presented in this work. 

 
DYNAMIC MODEL OF WORKING 

EQUIPMENT 

For mathematical description of excavator’s 
working equipment, a dynamic model presented 
in fig.1 has been suggested. The model of 
equipment has been presented as a two- 

 

Dimensional system of rigid bodies linked by 
joints in points O, E and H. The elements of the 
examined equipment with three degrees of 
freedom have been linked by elastic and 
damping substitute models which characterize 
the work of hydraulic cylinders (fig. 1). The 
substitute models of hydraulic cylinders have 
been assumed as rheological models of Kelvin-
Voigt and they have been characterized with 
equivalent coefficients of stiffness K1, K2, K3 
and damping C1, C2, C3, respectively for the 
hydraulic cylinder of extension arm, arm and 
bucket. 

 

 
Fig. 1. Dynamic model assumed for calculations 

 
In the assumed dynamical model, the 
calculation lengths of links connected with 
extension arm, arm and bucket have been 
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denoted: l1 - distance from the centre of joint 
“O” to centre of joint “E”, l2 - distance from the 
centre of joint “E” to centre of joint “H”, l3 - 
distance from the centre of joint “H” to edge of 
bucket “K” and masses respectively m1, m2, m3 
connected with centers of gravity in points A1, 
A2, A3. These points are lying in the common 
plane according to assumption of planar motion 
of the working parts model of the excavator. 
Mass moments of inertia with respect to axes 
connected with centers of masses of equipment 
elements respectively for extension arm, arm 
and bucket have been denoted as BA1, BA2, BA3. 
Equivalent coefficients of stiffness and damping 
in the discrete models of Kelvin - Voigt have 
been assumed based on own experimental 
studies [3, 4], while all geometric and mass 
sizes have been assumed according to the 
catalogues of working machine producers and 
literature [5, 6, 7].  
The working configuration of the unit 
containing extension arm, arm and bucket was 
described by three angles: α1, α2, α3, where: α1 - 
inclination of the extension arm to longitudinal 
axis measured clock otherwise, α2 – between 
extension arm and arm clockwise, α3 - position 
of the bucket to arm clockwise. It was assumed 
that sense of angular displacement of extension 
arm is reverse to other angles, because of the 
assumed principle that increment of angular 
displacement is results in the increment of 
elongation of hydraulic cylinder. The actual 
values of these angles are changed according to 
the working cycle and to the actual lengths of 
hydraulic cylinders. Elements of the excavator’s 
working equipment can demonstrate vibrations 
exciting by external forces and elastic 
deflections of hydraulic cylinders, supporting 
and connecting elements of the equipment. 
Angular relocation of the elements of equipment 
in relation to fixed locations has been described 
with three generalized coordinates: φ1 – angular 
relocation of extension arm, φ2 – angular 
relocation of arm, φ3 – angular relocation of 
bucket. In the assumed model, the angular 
velocities 1α& , 2α& , 3α& applied to particular three 

links of the equipment have been assumed as 
given.  
 
The resistance to motion in the pivotal joints of 
equipment hasn’t been included in the kinematic 
specification of dynamical model because of 
principle that kinematic excitation imposed on 
parts of equipment enable to execute the given 
trajectories only. These resistances were 
decreased by values of those excitations. 
 

KINEMATICS OF WORKING 

EQUIPMENT 

For dynamic description of a model of 
excavator’s working equipment before impact, 
presented in fig. 1, Lagrange’s equations of type 
II have been used for holonomic constraints 
with the general form [6]: 
 

 ∂ ∂ ∂ ∂
− + + = 

∂ ∂ ∂ ∂ & &
n

n n n n

d T T R V
Q

dt q q q q
          (1) 

for n = 1, 2, 3 
 
Where: T – kinetic energy of examined system, 
R – Rayleigh’s dissipation function, V – 
potential energy of masses in gravitational field 
and relocated elastic bonds, Qn – generalized, 
non-potential forces. 
For making Lagrange’s dynamic equations of 
movement, kinetic, potential energy and 
dissipation function of the examined system 
have been determined, and before that the 
particular kinematic and geometric 
dependencies between the links of the 
equipment have been written out. The total 
kinetic energy of the assumed model (fig. 1) in 
the fixed system of coordinate axes X, Y 
connected with joint O, fixing the extension arm 
with the body, has been determined as the total 
of kinetic energy of particular elements of the 
equipment. 
Kinetic energy of the examined system is the 
following: 
 

( ) ( )   = ⋅ ⋅ + ⋅ ⋅∑ ∑      = =

&
Ai i Ai

n n1 12 2
E B m v

i2 2i 1 i 1

ϕ  (2) 

 
Where: 
BAi – Moment of inertia of the body in relation 
to centre of mass Ai, 
mi – Mass of particular elements of the loader 
and working equipment, 
vAi – Linear velocity of center of  mass mi, 
 ϕi – Angular velocity of center of mass mi. 
Potential energy of the system is the total of 
potential energy of deformed elastic bonds and 
potential energy of masses in the gravitational 
field. 
 

= +
S G

V( q ) V ( q ) V ( q )  (3) 

 

Potential energy of all masses of the system in 
the gravitational field has been determined in a 
fixed system of coordinates X, Y, after former 
determination of the locations of the centers of 
masses of all three elements of the working 
equipment.  
Shortenings of hydraulic cylinders necessary for 
determination of potential energy of deformed 
elastic bonds and the dissipation function have 
been determined from trigonometric 
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dependencies describing the configuration of 
equipment in working position, marked with 
working angles α1, α2 and α3 and generalized 
coordinates. Due to small values of angles of the 
assumed generalized coordinates, the expression 
describing shortenings of hydraulic cylinders 
has been developed into Taylor’s series and for 
further analysis, as deformation, the first 
element of the series has been assumed. 
Deformations of hydraulic cylinders ∆lS1, ∆lS2, 
∆lS3, respectively of extension arm, arm and 
bucket determined on the basis of diagrams 
presented in fig. 2 are the following: 
 

⋅ ⋅ ⋅ + +
∆ = −

+ − ⋅ ⋅ ⋅ + +

1 1 1 1
S1

2 2
1 1 1 1 1

d e sin( )
l

d e 2 d e cos( )

ϕ α β ρ

α β ρ
 

⋅ ⋅ ⋅ − +
∆ =

+ − ⋅ ⋅ ⋅ − +

2 2 2 2
S 2

2 2
2 2 2 2 2

d e sin( )
l

d e 2 d e cos( )

ϕ α γ η

α γ η
 

⋅ ⋅ ⋅ − −
∆ = −

+ + ⋅ ⋅ ⋅ − −

3 3 3 3 L
S3

2 2
3 3 3 3 3 L

d e sin( )
l

d e 2 d e cos( )

ϕ α α µ

α α µ
 

 
where: d1 - distance from centre of joint “O” to 
centre of joint “C”, d2 - distance from centre of 
joint “E” to centre of joint “F”, d3 - distance 
from centre of joint “H” to centre of joint “R”, 
e1- distance from centre of joint “O” to centre of 
joint “B”, e2 - distance from centre of joint “D” 
to centre of joint “E”, e3- distance from centre of 
joint “G” to centre of joint “H”. 
 

 

 

 
 
Fig. 2. Diagrams for determination of shortenings of 
hydraulic cylinders: a) of extension arm, b) of arm, c) of 
bucket 
 
There were assumed for that model that the 
stiffness of all parts of pivotal joints and links is 
much bigger then stiffness of hydraulic 

cylinders. There were considered the flexibility 
of executive elements only. 
Potential energy of deformed elastic bonds is: 
 

2 2 2
1 1 2 2 2 2

1 1 1

2 2 2
= ⋅ ⋅∆ + ⋅ ⋅∆ + ⋅ ⋅∆S S S SV (q) K l K l K l  (4) 

 
Hydraulic cylinders occurring in the excavator’s 
working equipment as executing elements, 
performing the working movements, have been 
modeled with discrete rheological models of 
Kelvin - Voigt. Dissipation function of the 
system has been assumed as a square form of 
deformation velocity, in the form of Rayleigh’s 
function: 
 

• • •

= ⋅ ⋅∆ + ⋅ ⋅∆ + ⋅ ⋅∆&
2 2 2

1 S1 2 S2 3 S3

1 1 1
R( q) C l C l C l

2 2 2
  (5) 

 
 

EQUATIONS OF MOVEMENT 

The study included dynamic analysis of a 
single-bucket excavator’s working equipment 
during an impact of a bucket against a fixed 
obstacle. The movement of the system before 
the impact and after the impact has been 
described with differentiation movement 
equations of Lagrange type II for holonomic 
constraints. The equations have been written for 
any position of extension arm, arm and bucket, 
described with variable working angles α1, α2, 
α3 and generalized coordinates φ1, φ2, φ3. By 
making formal procedures, concerning the 
derivatives of kinetic energy T, potential energy 
V and dissipation function R of the system, 
Lagrange’s type II differentiation dynamic 
equations of movement have been obtained, 
describing dynamic relocation of the movement 
of extension arm, arm and bucket, as result of 
compressibility of hydraulic liquid in hydraulic 
cylinders, constituting the working equipment 
of a hydraulic excavator. As the literature, 
pos.[8] shows, the stiffness of hydraulic 
cylinder is i.a. the function of the pressure in the 
cylinder and it’s characteristic dimensions. 
During the movement of piston rods of the 
cylinders of extension arm, arm and bucket, 
their flexibility and damping has been changed. 
These changes were described by numeric 
calculations by quadratic polynomial, 
calculating the values of adopted coefficients. 
The equivalent values of the functions of 
susceptibilities of hydraulic cylinders depending 
on positions of pistol rods were calculated by 
measurement their positions in the time. At the 
moment of impact the equipment had the settled 
angular position described by the angles α1, α2, 
α3. Stiffness and damping coefficient are 

c) 

b) 

a) 

ISBN 978-607-95309-6-9 Página | 995 Derechos Reservados © 2012, SOMIM



MEMORIAS DEL XVIII CONGRESO INTERNACIONAL ANUAL DE LA SOMIM 
19 al 21 DE SEPTIEMBRE, 2012 SALAMANCA, GUANAJUATO, MÉXICO 

constant. They depend on dimensions of 
hydraulic cylinders only. 
The arranged dynamic equations of movement 
describe the behavior of working equipment 
before the impact and after the impact, for initial 
conditions corresponding with the phenomenon 
of impact. 
The phenomenon of impact has been described 
with Lagrange’s dynamic equations for 
momentary forces, (force impulses). The 
equations in the general form are the following: 
 

 ∂
∆ = 

∂ &
i

i

T
S

q
ϕ  (6) 

 
Where: Sφ1, Sφ2, Sφ3 – impulses generalized 
from the force impulse applied to the bucket’s 
edge. 
During the impact, equations describing the 
change of momentum of the system at the 
instant time of the bucket’s contact with the 
fixed obstacle have been made. It has been 
assumed that during emergency impact of the 
bucket against a fixed obstacle, the bucket 
strikes only once. It is meant to determine the 
biggest impulse which appears during the first 
impact of the bucket. For the following impacts 
the values of the impulse appearing in the line 
of impact are respectively smaller. It was also 
assumed that external load coming from the 
impulse of force has been applied symmetrically 
to the centre of the edge of the bucket. The 
three-dimensional model of equipment hasn’t 
been considered. 
From Newton’s Hypothesis for the point of 
contact of colliding elements, that is the 
excavator’s bucket against a fixed obstacle we 
have: 

= − ⋅'

K K
v k v  (7) 

 
where: v’K – throw of velocity of bucket’s edge 
on the line of impact after the impact, vK – 
throw of velocity of bucket’s edge on the line of 
impact before the impact, k – restitution 
coefficient. 
The last equation will allow to determine the 
force impulse at the point of contact of the 
excavator’s bucket with a non-deformable 
obstacle and to define the initial conditions of 
velocities after the impact. 

RESULTS OF NUMERICAL 

CALCULATIONS 

For numerical calculations, of the phenomenon 
of impact of an excavator’s bucket against a 
fixed obstacle, a restitution coefficient k has 
been assumed as given in the range from 0.6 to 
1. Calculations have been made for three cases 
of the equipment’s work, different values of the 

coefficients of stiffness and damping of 
hydraulic cylinders, obtained from own 
experimental studies [3, 4]. The presented 
results of velocities of links after the impact 
concerned extension arm, arm and bucket. 
Fig. 3 presents the cases of configuration of the 
equipment at the moment of impact, assumed in 
the calculations. 
 

 
 
                                                                          

 

Fig. 3 Configurations of position of working equipment: 
a) Kinematic forcing by extension arm, arm and bucket, 
 b) Kinematic forcing by arm and bucket, 
c) Kinematic forcing by arm 
 

The values of mass, mass moments of inertia 
and geometry of working equipment received to 
calculations in accordance with figure 1 are: 
Mass mi Mass moments of 

inertia BAi  
The calculation 
lengths of links li 

The position of 
gravity centers in 
relation to joints 
of working 
equipment ci 

m1 = 4200 [kg] 
m2 = 1950 [kg] 
m3 = 1100 [kg] 

BA1 = 5600 
[kg⋅m2] 

BA2 = 1500 
[kg⋅m2] 

  BA3 = 250 
[kg⋅m2] 

l1 = 5.60 [m] 
l2 = 2.70 [m] 
l3 = 1.60 [m] 

c1 = 2.96 [m] 
c2 = 0.86 [m] 
 c3 = 0.77 [m] 

The geometrical and angular values in accordance with figure 1 are: 

e1 = 0.96 [m] 
e2 = 2.53 [m] 
e3 = 2.53 [m] 

d1 = 2.34 [m] 
d2 = 0.74 [m] 
d3 = 0.73 [m] 

ε1 = 0.242 [rad] 
ε 2 = 0.210 [rad] 
ε 3 = 0.690 [rad] 

ρ = 0.381  [rad] 
β = 0.960  [rad] 
µ= 0.250  [rad] 

   γ = 0.585  [rad] 
η = 0.690  [rad] 
αL = 2.262 [rad]    

 
Coefficients of damping and stiffness for 
hydraulic cylinders used in calculations and 
coefficients of restitution, for configuration 

a) b) 

c) 

Ψ=1550, 
xK=1,2 [m], 
yK=-4 [m] 

Ψ=1250, 
xK=3,1 [m], 
yK=-2,9 [m] 

Ψ=1550, 
xK=1,3 [m], 
yK=3,5 [m] 

Ψ 

Ψ 

Ψ 
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from fig. 3 (a), with the forcing by extension 
arm, arm and bucket are the following: 

K1 = 9.80 ·108 N/m C1 = 4.90 · 106 N·s/m graph 1 – k = 0.6 

K2 = 2.93 ·107 N/m C2 = 1.46 · 105 N·s/m graph 2 – k = 0.8 

K3 = 5.16 ·107 N/m C3 = 2.58 · 105 N·s/m graph 3 – k = 1 

 
 
The values of velocity, displacing movement of 
the equipment links and as well as shortening 
courses of hydraulic cylinders measured before 
the impact, for the time interval of 0 ÷ 0,0087 
[s] were inserted in the graphics below showing 
velocity courses, displacing movements of the 
links of the excavator working equipment 
(extension arm, arm and the bucket) as well as 
courses of shortening of hydraulic cylinders at 
the moment of impact.  Thus the differences in 
these values before and after the impact were 
demonstrated. 
Courses of angular velocities of a single-bucket 
excavator’s working equipment after an impact 
against a fixed and non-deformable obstacle for 
case (a) from fig. 3 have the form: 
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Fig. 4. Course of angular velocity of the bucket 

( )3φ t&  after the impact, for different coefficients of 

restitution 
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Fig. 5. Course of angular velocity of the arm ( )2φ t&  

after the impact, for different coefficients of 
restitution 

 

 
Fig. 6 Course of angular velocity of the extension 

arm ( )1φ t&  after the impact, for different coefficients 

of restitution 
 
Coefficients of damping and stiffness for 
hydraulic cylinders used in calculations and 
coefficients of restitution for configuration from 
fig. 3 (b), with the forcing by arm and bucket 
are the following: 
 
K1 = 8.02 · 107 N/m C1 = 4.01 · 105 N·s/m graph 1 – k = 0.6 

K2 = 2.93 · 107 N/m C2 = 1.47 · 105 N·s/m graph 2 – k = 0.8 

K3 = 5.16 · 107 N/m C3 = 2.58 · 105 N·s/m graph 3 – k = 1 

 
Courses of angular velocities of a single-bucket 
excavator’s working equipment after an impact 
against a fixed and non-deformable obstacle for 
case (b) from fig. 3 have the form: 
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Fig. 7 Course of angular velocity of the bucket ( )3φ t&  

after the impact, for different coefficients of 
restitution 
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Fig. 8 Course of angular velocity of the arm ( )2φ t&  

after the impact, for different coefficients of 
restitution 

 

 
 

Fig. 9 Course of angular velocity of the extension 
arm ( )1φ t&  after the impact, for different coefficients 

of restitution  
 
Coefficients of damping and stiffness for 
hydraulic cylinders used in calculations and 
coefficients of restitution for configuration from 
fig. 3 (c), with the forcing by arm are the 
following: 
 
K1 = 21.10 · 108 N/m C1 = 10.55 · 106 N·s/m graph 1 – k = 0.6 

K2 = 3.06 · 107 N/m C2 = 1.53 · 105 N·s/m graph 2 – k = 0.8 

K3 = 3.81 · 107 N/m C3 = 1.91 · 105 N·s/m graph 3 – k = 1 

 
Courses of angular velocities of a single-bucket 
excavator’s working equipment after an impact 
against a fixed and non-deformable obstacle for 
case (c) from fig. 3 have the form: 
 

 
Fig. 10 Course of angular velocity of the bucket 

( )3φ t&  after the impact, for different coefficients of 

restitution 

 
Fig. 11 Course of angular velocity of the arm ( )2φ t&  

after the impact, for different coefficients of 
restitution 

 
Fig. 12 Course of angular velocity of the extension 

arm ( )1φ t&  after the impact, for different coefficients 

of restitution 
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SUMMARY 

For all cases from fig.3 the angular velocities 
and angular displacements (as well as elastic 
deflections of cylinders respective for their) of 
the working equipment after the impact 
certainly depend on the assumed coefficient of 
restitution. For case a) and b) (fig.3) the angular 
velocities and angular displacements (as well 
elastic deflections of cylinder respective for 
their) after the impact for the bucket, despite 
different kinematic parameters of the equipment 
before impact, have identical character of the 
course after the impact and their values are 
identical. Therefore it is evident that in the case 
of kinematic forcing with extension arm, arm 
and bucket, as compared to forcing only with 
arm and bucket, the character of bucket’s 
angular velocity after the impact does not 
change. In case a) (fig. 3) at the first stage, the 
drive is realized only by extension arm. After 
obtaining certain geometric configuration of the 
equipment, kinematic forcing of extension arm 
has been defined as zero value (stopping of 
extension arm). The second stage of movement 
of the excavator’s working equipment is the 
drive with arm and bucket as if identifying it 
with the case b) (fig. 3). In configuration a) and 
b) the character of angular velocity and angular 
displacement (as well elastic deflections of 
cylinder respective for their) of the arm is 
similar. The differences are only in the 
velocities and angular displacements (as well as 
linear deflections of cylinders respective for 
their) of extension arm. It is influenced by the 
manner of drive of the equipment’s links and by 
the angular configuration of the extension arm. 
In case a) and c) (fig. 3) the stiffness of 
extension arm’s hydraulic cylinder is higher 
than stiffness of extension arm’s hydraulic 
cylinder in case b). Based on the conducted 
experimental studies [3, 4], it is evident that 
stiffness of a hydraulic cylinder is dependent on 
the line feed of the piston rod, that is the 
quantity of hydraulic liquid under the piston. 
The higher the level of the hydraulic liquid is, 
the larger the flexibility of hydraulic cylinder 
becomes, which means that the velocities of the 
links rich higher values. It can be noticed in the 
comparison of angular velocities of extension 
arm in picture 6 or 12 from fig. 9. Due to 
identical position of extension arm in case a) 
and c) the character of the course of angular 
velocity of extension arm in fig. 6 and 12 is 
similar. In picture 6 we notice higher values of 
angular velocities of extension arm in relation to 
fig. 12. It is a result of additional drive by 
extension arm. In case c) in relation to case b) 
(fig. 3) the extension arm’s hydraulic cylinders 
with higher stiffness have been assumed and the 
bucket’s hydraulic cylinder is more susceptible. 

It reveals itself with lower values of the angular 
velocities of the bucket in the case of 
configuration c) in relation to configuration a) 
and b). High stiffness of extension arm’s 
hydraulic cylinder in case c) considerably 
influences the value of arm’s velocity, which 
can be noticed in the comparison of picture 8 
and 11. 
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