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R E S U M E N 

Este trabajo desarrolla el análisis y la evaluación de diferentes mecanismos mediante tres índices de desempeño: ventaja 
mecánica, rigidez y capacidad de manipulación, con el fin de discriminar estas configuraciones y seleccionar aquella que 
proporcione el movimiento y la fuerza óptimos para el funcionamiento de una máquina trituradora de hormigón armado. 
Las configuraciones iniciales se seleccionaron en función de dos características comunes: a) todos son mecanismos con 
un grado de libertad (GDL=1), y b) su eslabón de entrada representa el movimiento de una manivela. Del análisis se 
concluye que, el mecanismo de seis barras en el cual el eslabón de salida funciona como un oscilador, presenta las mejores 
características para la implementación deseada; con la longitud de cada eslabón y la posición del suelo establecida, se 
determinó el comportamiento del par de entrada necesario para mantener la fuerza de salida deseada a lo largo del 
movimiento de compresión. 

Palabras Clave: Concreto, Trituradora, Máquina, Mecanismos, Índice de desempeño.. 

A B S T R A C T 

This work develops the analysis and evaluation of different mechanisms by means of three performance indices: 
mechanical advantage, stiffness and manipulability, with the purpose of discriminating these configurations and select the 
one that provides the optimal movement and force values for the operation of a reinforced concrete crusher machine. The 
initial configurations where selected based on common characteristics: they all are one degree of freedom mechanisms 
(DoF=1), and their input link represents the movement of a crank. From the analysis, it is concluded that the six-bar 
mechanism in which the output link performs as an oscillator presents the best characteristics for the desired 
implementation; with the length of each link and the position of the ground established, the required behavior of the input 
torque to maintain the desired output force throughout the compression movement range was determined. 

Keywords: Concrete, Crusher, Machine, Mechanisms, Performance index. 

1. Introduction

Reinforced concrete is a composite which is obtained by 
adding corrugated steel bars to the concrete (a mixture of 
gravel or crushed rocks, sand, water and cement), giving, as 
a result a material with better mechanical properties when 
compared to both concrete and steel separately [1]. Fresh 
concrete is poured upon a previously armed steel structure. 
As the concrete hardens and due to the corrugated surface of 
the steel, a high mechanical resistance is obtained and thus, 
the adherence between concrete and steel is almost absolute 
[2]. 

1.1. Mechanical behavior of concrete under compression 
forces 

Both cement and the aggregates which integrate the concrete 
show brittle behavior and linear stress-strain relation under 
compression forces [3]. 

Brittle materials such as ceramics tend to develop 
orthogonal fractures to the axis of maximum deformation, 
thus, when concrete is under a compression load, cracks 
spread parallel to the applied force. Under a cyclic 
compression load, the concrete fatigue strength is 
considerably lower than its static strength. If a cyclic 
compression load which oscillates between zero and the 
concrete rupture stress is introduced, the material will 
present a fatigue limit around 50-60 % its static compression 
limit. If the concrete has a steel reinforcement, its fatigue 
limit is around 50% the static compression limit [2]. Hence, 
steel bars presence has little to none impact in the fatigue 
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strength of concrete under cyclic compression loads. 
There are many types of concrete, depending on the 

relationship between its components. Table 1 shows the 
most common types of concrete and their average 
compression strength, experimentally determined.  

Table 1 – Compression Strength for different concrete types [3]. 

Type of Concrete Number or 
Tests 

Average 
Strengths [psi] 

Ordinary ready-mix concrete  317  4060-6700  
Ordinary plant precast concrete  1174  6910-7420  
Lightweight concrete  769  4310-5500  
High-strength concrete (28 days)  2052  8340-12400  
High-strength concrete (56 days)  914  10430-14000  

Cement continues its hydration and hardening for a long 
time (as much as 5 years), nevertheless, its strength 
increases on a lower basis as times goes [2], until it can be 
ignored and, usually, tests are performed at 28 days of age. 

Figure 1 - Stress-strain diagram for different types of concrete under 
compression loads [3].  

As shown in Fig. 1, concrete behavior is not completely 
brittle, despite most of its constituent materials having a 
complete brittle behavior.	 𝑓𝑐′	 represents the maximum 
strength obtained in a test using a cylindrical specimen. The 
shape of the curve results from the microfractures within the 
concrete structure.  

High-strength concretes are currently used in skyscrapers 
due to the high axial loads they have to endure. A high-
strength concrete is one that presents compression stress 𝑓𝑐′	
≥	6000	𝑝𝑠𝑖	[4]. Currently, mixes above 18000 psi are used. 

1.2. Current state of concrete crushers in the industry 

Concrete crushers mostly work with two plates [5], in which 
one of them is moved by a mechanism, while the other stays 
still. The pressure within the plates allows the crushing of 
the raw material. 

These crushers are known as jaw crushers, and it is 
important to emphasize the existence of different jaw 
crushers, depending on the fixed point in the moving plate. 
If this plate is fixed in its upper point, where the material is 
introduced, the crusher is called Blake crusher; if it is fixed 
in its lower point, it is called a Dodge crusher, and if it is 
fixed on both sides, allowing only linear motion, it is known 
as an Universal crusher [5]. 

Figure 2 - Blake (a), Dodge (b) and Universal (c) jaw crushers.  

As shown in Fig, 2, there are three possibilities to achieve 
a jaw configuration to crush concrete, hence, this paper is 
focused on finding one all-mechanical configuration to be 
employed as a jaw crusher machine. To this end, several 
mechanisms used for force amplification tasks are evaluated 
through three performance indices, which are described 
next.  

2. Performance indices

Different linkages are analyzed from three main criteria: 

• Mechanical Advantage
• Stiffness
• Manipulability

These performance indices were selected because they
establish a relation between the force amplification 
capabilities and force direction control in the output link of 
each linkage.  

2.1. Mechanical advantage (MA) 

Mechanical advantage is defined as the magnitude of the 
output force to the magnitude of the input force ratio [6].  

𝑀𝐴	 = 	 !!"#
!$%

 (1)
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If we assume that a mechanism is a conservative 
system, i.e., energy losses due to friction, heat, etc. are 
negligible, then, power in is equal to power out, thus:   

𝑃"# = 𝑇"#𝜔"# = 𝑇$%&𝜔$%& = 𝑃$%& (2) 

𝑃"# = 𝐹0"# · 𝑉0"# = 𝐹0$%& · 𝑉0$%& = 𝑃$%&  (3) 

𝑇 = (𝐹)(𝑟) (4) 
∴	

𝑀𝐴 = 6'!"#
(!"#

7 6($%
'$%
7 ;	'!"#

'$%
= )$%

)!"#
(5) 

𝑀𝐴 = 6 ($%
(!"#

7 6 )$%
)!"#

7 (6) 

If the mechanism has an output link with linear 
movement, the MA can be determined by considering the  
𝜔𝑜𝑢𝑡	as the one of the coupler link immediate connection to 
the output link [6]. 

2.2. Stiffness 

Stiffness can be defined as the strength of a material to 
present elastic deformation [1], thereby, linkages within a 
mechanism has a finite stiffness expressed as a matrix, 
according to the material of which each link is made of, 
and its relative position in the linkage [7].  

Stiffness of each configuration will be evaluated using 
the traditional stiffness model based on the calculus of the 
Jacobian matrix. This model allows us to obtain the 
stiffness pseudo-matrix that relates the forces and torques 
applied to the output link in the Cartesian space to the 
appropriate linear and angular displacement [9]. In this 
model, the stiffness matrix is defined as follows.  

𝐾	=	𝐽𝑇𝐾𝑞𝐽        (7) 

Where J is the Jacobian matrix of the configuration and 𝐾𝑞 
is the stiffness pseudo-matrix of the joints in the linkage.  

𝐾𝑞	=	𝑑𝑖𝑎𝑔[𝑘1,	𝑘2,	…	,	𝑘𝑖]       (8) 

If the links are made of the same material, then eq. (7) can 
be rewritten as eq. (9).  

𝐾	=	𝑘𝐽𝑇𝐽;	𝑘	=	𝑐𝑡𝑒.      (9) 

This model assumes all links are rigid bodies [8] and 
depends on the Jacobian matrix behavior, thus if the 
linkage has a singularity, the stiffness matrix will become 
singular as well, showing a loss in stiffness [9]. 

2.3. Manipulability 

Applied originally to the cinematic design in articulated 
robotics, manipulability is defined as the ability to move 
and apply forces in arbitrary directions [7].  

Yoshikawa [10] proposed a mathematical treatment to 
determinate manipulability in open-loop linkages, however, 
this formulation is equally valid for close loop linkages [11], 
e.g. the mechanisms treated in this paper. Yoshikawa’s
treatment can be considered as the following algorithm:

• Calculate the mechanism Jacobian matrix J.
• Determinate the manipulability matrix 𝑨 = 𝑱 𝑱𝑻.
• Determinate the Eigenvalues 𝜆𝑖	and Eigenvectors 𝑢𝑖.
• The main axes of the manipulability ellipsoid are 𝜎𝑖𝑢𝑖,

where 𝜎" = L𝜆" 	.

If now we define the matrix A as 𝑨 = (𝑱 𝑱𝑻)-1, the obtained
ellipsoid is the force ellipsoid; its main axes represent the 
easiest and more difficult direction to apply a force.  

Manipulability and Force ellipsoids are related. Due to 
their definition, both have the same axes directions 𝑢𝑖, and 
their magnitudes are inverse [11]. 

Figure 3 - Manipulability (a) and Force (b) ellipsoids, with the 
magnitude of their axes inverse [11].  

It is possible to compare manipulability values by using 
three manipulability measures. These three measures are 
shown below.  

Manipulability measure 1. Semi axes ratio. 

𝜇* =
+&'(
+&$%

≥ 1 (10) 

Shows the isotropy of the ellipsoid. When 𝜇1	=	 1 the 
ellipsoid is a perfect sphere, and the ability to move and 
apply the force of the mechanism is equal in all directions.  

Manipulability measure 2. Condition number. 

𝜇, =
+&'(

)

+&$%)
= -&'(

-*+,
≥ 1 (11) 

As the previous index, indicates the Jacobian distortion; in 
an ideal posture, the ellipsoid becomes a sphere [11].  
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Manipulability measure 3. Proportional to the ellipsoid 
volume.  

𝜇. = L𝜆*𝜆,…𝜆" = Ldet(𝐴) (12) 

In a similar manner, if the volume of the manipulability 
ellipsoid increases, the volume of the force ellipsoid 
decreases, and vice versa. 

3. Mechanical Configurations Analysis

Eight linkages were analyzed since these all fall into the 
desired characteristics spectrum: Crank-like input link, 
oscillatory or reciprocating output link, four to six bars, and 
design for force amplification purposes.  

It is important to note that linkages of more than six bars 
were not considered, since the area required should be 
minimal. The configurations are shown in Table 2.  

Table 2 –Linkages Candidates 
Output link Number of 

links 
Arrangement Codename 

Oscillator 4 O4 

Oscillator 4 O4.2 

Slider 4 S4 

Oscillator 6 O6 

Slider 6 S6 

Slider 6 S6.2 

Slider 6 S6.3 

Oscillator 5 O5 

To determinate the performance indices of each linkage 
a kinematic analysis is performed. By using Wolfram’s 
Mathematica software, it is possible to obtain the required 
values for every angular degree in a crank revolution, as 
well to show the motion behavior of each link. To achieve 
this analysis the loop equations are used. Dimensions of all 
mechanisms are scaled thus all linkages have similar areas.  

3.1. Kinematic analysis 

It allows us to determinate the spatial position of all links in 
the mechanism, for each Δ𝜃 of the crank. The required loop 
equations are defined, according to the number of unknown 
values in the system. The length 𝑥𝑖 of each link 𝑙𝑖,	𝑖	𝜖	𝑁	(1,	
…,	6) is proposed so every configuration has the same total 
area to perform the whole range of movement.  

The mechanism has one degree of freedom (DoF=1), 
thus the controlling variable will be the crank angle, defined 
as 𝜃2.  

To illustrate the considerations made in the analysis, the 
mechanism O4 will be used as an example. First, the 
Newtonian Reference System is defined, as well as the local 
reference systems of each link, as shown in Fig, 4.  

Then, the angles and lengths of each link are defined, as 
shown in Fig, 5. 

Figure 4 - Inertial reference (𝑰𝟎, 𝑱𝟎) and local reference systems. 

Figure 5 - Lengths and angles of each link. 

In this specific case, for O4, is important to note that, if 
we name the shortest link S, and the largest one L, hence the 
others two P and Q, the following relationship must be true. 

𝐿	+	𝑆	<	𝑃	+	𝑄 (13) 

Where the ground must be adjacent to S, in this example it 
has been fixed to R1.  
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The unknown values are 𝜃3,	𝜃4. 
Thus, only one loop equation is required to define the 

system.  
This equation is determined from the previously defined 

vectors, as shown in Fig. 5. 

𝑹𝟐	+	𝑹𝟑	+	𝑹𝟒	−	𝑹𝟏	=	0    (14) 

where  
𝑹𝟏	=	[𝑥1,	0,	0]𝑇      (15) 

𝑹𝟐	=	𝑅𝑧(𝜃2)・𝒓𝟐     (16) 

𝑹𝟑	=	𝑅𝑧(𝜃3)・𝒓𝟑     (17) 

𝑹𝟒	=	𝑅𝑧(𝜃4)・𝒓𝟒     (18) 
𝑅𝑧(𝜃𝑛) is the rotation matrix of 𝜃𝑛 and vectors 𝑟𝑛 are 

defined as follows.  

𝒓𝟐	=	[𝑥2,	0,	0]𝑇     (19) 
𝒓𝟑	=	[𝑥3,	0,	0]𝑇   (20) 
𝒓𝟒	=	[𝑥4,	0,	0]𝑇 (21) 

Eq. (14) can be solved by Newton-Raphson method, 
proposing estimated values for each unknown value.  

For 𝜃2	=	0	we proposed 

𝜃3	=	330°      (22) 

𝜃4	=	120°    (23) 

With Mathematica, the following graphs in Fig.6 are 
obtained, so the behavior of each link can be easily 
visualized.  

(a) 

(b) 

Figure 6 - Position curves of links (a) 3 and (b) 4 for one crank 
revolution.  

By deriving the scalar equations obtained from eq. (14), 
the velocity curves are shown in Fig. 7 are obtained.  

(a) 

(b) 

Figure 7 – Velocity curves of links (a) 3 and (b) 4 for one crank 
revolution.  

3.2. Mechanical Advantage of the linkages 

Once the values for position and velocity of each link are 
known, the performance indices can be determined, starting 
with the mechanical advantage, by eq. (6).  
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Owing to the complexity of the resulting curves, 
results are shown in two graphs, Fig. 8(a) for four-bar 
mechanisms and Fig. 8(b) for five and six-bar 
mechanisms.  

From Fig. 8(a) is easy to see that the best behavior is 
presented by the slider-crank mechanism (S4) due to its 
higher MA along the crank motion range.  

On the other hand, in Fig. 8(b) is clear that both slider 
configurations have a limited MA when compared to 
those with an oscillator as an output link, so these are 
discarded.  

Another important factor to determine the utility of 
the MA on each linkage is the position of the output link 
when the MA is high. It is desired to obtain higher MA 
values when the output link is compressing the raw 
material, i.e. the link’s stroke.  

(a) 

(b) 

Figure 8 – MA of each (a) four bars and (b) five and six bars 
configuration.  

Fig. 9 shows the MA of those linkages with the 
highest MA values across a crank revolution. The motion 
range for the compression (blue) and expansion (red) 
stroke of the output link is indicated as well. 

All linkages present high MA in both desired and not 
desired action zones, due to the applicable nature, this 
does not introduce any real disadvantage.  

Figure 9 – MA of (a)O4, (b)O6, (c)S6.3 and (d)O5 configurations. 

 3.3. Linkages’ Stiffness 

To decide between the linkages with best MA the stiffness 
kinematic model is used, since it allows us to measure 
quantitatively the ability of the linkages to resist high 
external loads without suffering deformations.  

This model employs the Jacobian matrix, which changes 
as the mechanisms move. Now that we know the position 
values form the previously performed kinematic analysis, 
the Jacobian matrix can be obtained. The following 
calculation uses the S4 linkage as an example. From the loop 
equation, the following scalar equations are obtained:  

−𝑥4	 + 	0.2	𝐶𝑜𝑠[𝜃2] + 	0.35	𝐶𝑜𝑠[θ3] = 0   (24) 
0.2	𝑆𝑖𝑛[𝜃2] + 	0.35	𝑆𝑖𝑛[𝜃3] = 0   (25) 

Hence, the Jacobian matrix is 

𝐽 = n−0.35	𝑆𝑖𝑛[𝜃3] −𝑣𝑥4
0.35	𝐶𝑜𝑠[𝜃3] 0 p (26) 

Therefore, as eq. (9) indicates, the stiffness pseudo matrix 
for S4 is: 

𝐾 = 𝑘$0.12	𝐶𝑜𝑠
[𝜃3]4 + 0.12	𝑆𝑖𝑛[𝜃3]4 0.35	𝑣𝑥4	𝑆𝑖𝑛[𝜃3]

0.35	𝑣𝑥4	𝑆𝑖𝑛[𝜃3] 𝑣𝑥44
9 

(27)



MEMORIAS DEL XXVI CONGRESO INTERNACIONAL ANUAL DE LA SOMIM
21 AL 23 DE OCTUBRE DE 2020 MORELIA, MICHOACÁN, MÉXICO | FORMATO VIRTUAL

The determinant of K, associated with a constant k=1 and 
evaluated with the position results of S4 along a crank 
revolution is shown below, in Fig.10. 

Figure 10 – Determinant of the stiffness pseudo matrix.  

Figure 11 – Determinant of the stiffness pseudo matrix of (a)O4, 
(b)O6, (c)S6.3 and (d)O5 configurations.

Since the value of constant k is unknown due to a lack of 
material properties in this analysis, the behavior along the 
mechanism’s range of motion is key. This behavior is 
presented in the graphs in Fig. 11. It is noted that in the S4, 
S6.3, and O5 configurations, the stiffness goes down to zero 
in various points, this is due to the Jacobian matrix behavior, 
which presents singularities in these same points. When 
comparing Fig. 9(a) with Fig. 11(a) it’s noted that when the 

MA is higher, the stiffness reaches zero, a not desirable 
behavior.  

Furthermore, the S6.3 linkage has a fluctuant stiffness 
behavior, reaching a zero value in the compression stroke.   

It is clear the best results are delivered by the O6 
mechanism; its stiffness only increases in the blue areas, 
with the highest values as well. 

3.4. Manipulability measures of the linkages 

The Eigenvalues of matrix A are calculated for one crank 
revolution. Following eq. (10)-(12) the manipulability 
measures are obtained. Because 𝜇1 and 𝜇2 have the same 
behavior, and scalar values are not important at this 
analysis, only 𝜇2	and 𝜇3 graphs are shown below in Fig. 12. 

Figure 12 – Manipulability measures of (a)O4, (b)O6, (c)S6.3 and 
(d)O5 configurations.

From these results, it is noted that S6.3 shows an erratic 
behavior, resulting in rapid volume changes in the ellipsoid. 

The O6 behavior is almost constant, with a similar 
volume along its motion range and without a considerable 
anisotropy.  

O4 and O5, on the other hand, present an acceptable 
behavior, rising their anisotropy along with the MA 
increase.  
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4. Required Input Torque

The analysis shows O6 has the best behavior, not only by 
having a high MA but also in the compression stroke, as 
desired. Its stiffness never falls down to zero, and the 
manipulability measures are almost constant for all range of 
movement; therefore, O6 is the linkage selected for the 
desired application as a jaw crusher machine.  

Because some skyscrapers use reinforced concrete with 
a strength up to 𝑓𝑐´	=	19000	𝑝𝑠𝑖	[12], this is the value used 
for the torque analysis. A security factor of 1.5 is employed, 
due to the material being under an biaxial state of loads.  

The work area considered is the whole plate area, despite 
its surface, assuming a critical plane. Hence, the 
compression force required is:  

𝐹𝑐	=	(131[𝑀𝑝𝑎])(1.27764	[𝑚2])(1.5)          (28) 
𝐹𝑐	=	251.05626	×	106 [N]       (29) 

For the dynamic analysis, this force will be considered 
alongside the weight of each link. The Free Body Diagram 
(FBD) of O6 is shown in Fig. 13.  

Figure 13 –FBD for O6 linkage. 

Figure 14 –Compression force along one crank revolution. 

The compression force is only needed in the compression 
stroke of the output link; thus, the dynamic analysis will 
consider 𝐹	=	𝐹𝑚𝑎𝑥	along this stroke, and 𝐹	=	𝑂[𝑁] during 
the expansion stroke. This consideration is shown in Fig. 14. 

The required torque is expressed in terms of the mass and 
inertia of each link. The dynamic analysis shows that the 
highest input torque required is at  

𝜃2	=	311°	and it’s given by: 

𝑇𝑚	=	2.07672𝑚3	+	0.959082𝑚4	+	0.849352𝑚5	− 
0.0383334𝑚6	−	0.18868𝐼𝐺3	+	0.862734𝐼𝐺4	+ 
0.951554𝐼𝐺5	+	0.0039603𝐼𝐺6	−	1.09573	×	107[𝑁	𝑚] 

(30) 

The input torque is different for each degree of 𝜃2, and it 
is influenced by the compression force. Because the masses 
and inertias of the linkages are unknown values at the 
moment (pre-material selection), it is assumed:  

𝑚𝑖	=	𝐼𝐺𝑖	=	1	;	𝑖	=	2,3,4,5,6.       (31) 

Therefore, Fig. 15 shows the input torque behavior along 
one crank revolution.  

Figure 15 –Input torque along one crank revolution. 

5. Configuration Proposal

A 3D model of the mechanical configuration is presented, 
developed with Computer Aided Design (CAD) software 
Autodesk Inventor, showing a machine case proposal for the 
protection of internal components.  

Fig, 16 shows the 3D model of the mechanism, and in 
Figs. 17(a) and (b) different views of the model with a 
proposed case can be observed.  

Figure 16 – CAD model of the mechanism 
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Figure 17 –CAD model of the machine proposal (a) with case and 
(b) positioned within a bulldozer.

6. Conclusion

The six-bar linkage with an output link fixed in its upper 
point (configuration O6) presents the best characteristics to 
be implemented as the mechanism for the jaw crusher 
machine, due to its high mechanical advantage (MA) along 
the compression stroke, and also due to its manipulability 
measures behavior, with a constant condition number; O6 
also shows great stiffness along a complete crank 
revolution, without any singularity.  

With the length of each link established, and the final 
position of the machine’s bedplate, the required input torque 
was obtained in terms of the masses and inertias of the links, 
thus the compression force achieved in the output link can 
effectively crush the reinforced concrete. 

From the maximum torque expression, it is noted that 
mass and inertia of the links have a relatively low impact in 
the input torque compared to the high mechanical resistance 
introduced by the concrete itself. This is evident if we 
consider the high compression stress of 19,000 [psi] of the 
concrete and the biaxial loads state present. 
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