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RESUMEN 
 
Mezclar rápidamente dopamina con sangre 
humana en pacientes cardiacos podría ser vital. 
Una forma de acelerar este proceso de mezclado 
es por medios electro-cinéticos, aplicando 
pequeños voltajes en un segmento de vena donde 
la dopamina es inyectada. Las leyes físicas que 
modelan este fenómeno abarcan: electrostática, 
transferencia de masa y calor, y dinámica de 
fluidos. Esta investigación presenta un diseño 
innovador para mejorar la unión de dopamina 
con moléculas de sangre humana, obteniéndose 
buenas mezclas en menos de cinco segundos. 
Esto puede representar una alternativa efectiva 
en el tratamiento médico de pacientes con 
ataque al corazón, antes de aplicar el violento 
electroshock. El modelo matemático es un 
sistema complejo de seis ecuaciones 
diferenciales parciales no lineales, dependientes 
del tiempo. Dicho modelo multifísico es resuelto 
numéricamente mediante el método de elemento 
finito en un dominio simple e idealizado. Se 
comparan los resultados con otros estudios 
mostrando las ventajas del diseño propuesto. 
 
ABSTRACT 
 
Quickly mixing dopamine with human blood in 
cardiac patients could be vital. One way to 
accelerate this mixing process is by 
electrokinetic effects, applying small voltages in 
a vein segment where dopamine is injected. The 
physical laws involved in this phenomenon 
include: electrostatics, heat and mass transfer, 
and fluid dynamics. This paper presents an 
innovative design to enhance the bonding of 
dopamine with human blood molecules, getting 
satisfactory mixtures in less than five seconds. 
This could be an effective alternative in the 

medical treatment of patients with heart attacks, 
before applying a more aggressive electroshock. 
The mathematical model leads to a complex 
system of six nonlinear, coupled, and time 
dependent partial differential equations. Such 
multiphysics model is numerically solved using 
the finite element method in a simple, idealized 
domain. Proven scientific studies are referenced 
to make a comparison, highlighting the 
advantages of the proposed design. 
 
NOMENCLATURE 
 

Table 0. Nomenclature 
Symbol Description 

Ω Domain to solve the partial 
differential equations system 

E Electric field 
V Electric potential 
T Temperature 
Q Thermal energy 
u Velocity of the fluid 
F External electrothermal body force 
c Dopamine concentration 
B Concentration of bonded molecules 
n Unitary normal outward vector 

 
1. INTRODUCTION 
 
Medical treatment of patients with a heart attack 
includes dopamine injected directly in a vein, 
before applying an aggressive electroshock. The 
mixture of dopamine with human blood must be 
obtained as soon as possible, so it can arrive to 
the heart muscle and reactivate it in less than 30 
seconds [1]. The normal travel time of blood 
flow, from an arm vein to the heart, takes 
approximately 15 to 20 seconds [2]. This paper 
presents an improved method to effectively mix 
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dopamine with human blood in a vein in less 
than 5 seconds, so the electroshock can likely be 
avoided. This effect can be obtained by means of 
a small applied electric field. Physical laws 
involved in the process are those of micro fluid 
mechanics, electrostatics, and heat and mass 
transfer, leading so to a complex multiphysics 
model. Section 2 establishes such mathematical 
model as a system of partial differential 
equations (PDE) and their corresponding 
boundary conditions, as well as the numerical 
strategy proposed to solve it. In Section 3, results 
for the mixing method are shown and some 
technical considerations on the Finite Element 
Method (FEM) used for the numerical solution 
are given. In Section 4, a comparison against a 
benchmark model [3], showing the achieved 
advantages of the improved proposed model, is 
presented. Finally, some concluding remarks are 
established in Section 5. 
 
2. MATHEMATICAL FORMULATION 
 
This Section first defines the domain Ω and its 
boundary, which represents a vein segment 
where the mixing process of dopamine with 
blood is being done. Next, the set of governing 
equations of the multiphysics model is 
established with their corresponding boundary 
conditions. Finally, the numerical strategy 
followed to solve the mathematical model is 
presented. 
 
2.1 System of partial differential equations 
 
The domain Ω is shown in Figure 1. It represents 
an idealized segment of a vein in two 
dimensions, 0.24 mm length and 0.04 mm width. 
Due to the axial symmetry of the vein, it is 
enough to consider a plain domain. The blood is 
flowing from left to right. The boundary is 
divided into five parts, as follows: 1) inlet 
(vertical segment to the left representing the 
entrance), 2) outlet (vertical segment to the right 
where the blood goes out), 3) electrodes 
(horizontal segments marked as A and B where 
the electric potential is applied), 4) reaction 
surface (small horizontal segments, also marked 
as A and B, where the binding of dopamine and 
blood molecules is being done, as a consequence 
of the antibody ligands concentrated here), and 
5) wall (the remaining horizontal segments).  
 

 
Figure 1. Domain Ω and boundaries 

 
According to Ramos et al [4] and Myszka [5], 
the governing equations are determined by three 
physical laws that model the phenomenon in the 
whole domain Ω: electrostatics, heat and mass 
transfer, and fluid dynamics. Since these laws are 
acting simultaneously, the specific equations are 
divided into five parts in order to build up a 
consistent and solvable mathematical model. 
First: electrostatics. An electric voltage of +V0/2 
volts is applied at electrode A and another one of 
-V0/2 at electrode B (see Table 1 to consult the 
specific values of the model parameters used in 
this research. This table was completed after 
extensive literature search [6]-[21]). This will 
cause an electrothermal force, which is acting in 
the domain and will enhance the mixing process. 
To reach the electric potential V, it is necessary 
to solve the Laplace’s equation (1), then it is 
straightforward to compute the corresponding 
electric flied E=-∇푉. 

0 0. (1)r V                       
Second: heat transfer. The power that a unit 
volume of fluid absorbs through Joule heating is 
given by Q=σ|E|2. It appears in the stationary 
convection-conduction heat balance equation (2), 
which is solved for temperature T. 

( ) , (2)pk T Q C T             u  
where u is the velocity of the fluid, which comes 
from the solution of equations (3)-(4) described 
below. 
Third: fluid dynamics. Since conservation of 
momentum and mass is assumed to describe the 
fluid flow in the vein, it follows the steady state 
Navier-Stokes equations (3)-(4), where p refers 
to pressure and F is the external electrothermal 
body force [3] given by 

2
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1 ( )
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where 휀 = 휀 휀  equals the fluid permittivity. 
Equations (3)-(4) are solved for u and p. 
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Table 1. Model parameters 
Parameter Value Description 

0  8.854188e-12 
[F/m] 

Permittivity of 
free space 

r  77 Relative 
permittivity of 

the fluid 
  6.817725e-10 

[F/m] 
Permittivity of 

the fluid 
k  0.492 

[W/(m·K)] 
Thermal 

conductivity of 
the fluid 

  1,325 
[kg/m3] 

Density of the 
fluid 

pC  3,600 
[J/(kg·K)] 

Heat capacity of 
the fluid 

η 0.0032 
[kg/(m·s)] 

Dynamic 
viscosity, fluid 

  0.667 
[S/m] 

Electric 
conductivity of 

the fluid 
  1.022148e-9 

[s] 
Charge 

relaxation time 
of the fluid 

D  9.12e-10 
[m2/s] 

Diffusion 
coefficient of 
the analyte 

  94247.779608 
[rad/s] 

Angular 
frequency, AC 
electric field 

0V  0 
[V] 

Electric 
potential, RMS 

value 

0T  311.15 
[K] 

Ambient 
temperature 

0U  
3e-4 
[m/s] 

Average flow 
velocity at the 

inlet 

0c  
4e-7 

[mol/m3] 
Analyte 

concentration at 
the inlet 

onk  
1e5 

[m3/(s·mol)] 
Association rate 

constant 

offk  
0.02 
[1/s] 

Dissociation 
rate constant 

tR  
1.67e-8 

[mol/m2] 
Total surface 

concentration, 
antibody ligand 

 
As a result of Joule heating, 휀 and 휎 are 
temperature dependent. It is possible to rewrite 
them applying the differentiation chain rule, 
which yields 

   and  .T T
T T
   

     
 

 

Therefore, equations (2), (3) and (4) must be 
solved simultaneously. 
Fourth: mass transfer. The material balance of 
the dopamine concentration c comes from the 
convection-diffusion equation (5), where D 
denotes the diffusion coefficient and R represents 
the reaction rate. Here R equals zero because, in 
the simplified version presented in this paper, it 
is assumed that no reactions take place in the 
bulk of the fluid, but only on the reaction 
surfaces A and B (see Figure 1). Future research 
will face the case of bulk reaction. 

( ) .       (5)c D c R c
t


      


u  

Fifth: surface diffusion. The reaction surfaces A 
and B of Figure 1 contain a total concentration Rt 
of antibody ligands. The portion of the bonded 
molecules of dopamine and blood is denoted by 
the concentration B. According to reference [3] 
the binding rate depends on the dopamine 
concentration c, on the concentration of the free 
antibodies, and on the association rate constant 
kon. In the same way, bonded antibodies 
dissociate with a rate that depends on the 
concentration of the bonded ligands and on the 
dissociation rate constant koff. Therefore, 
following Myszka’s ideas [5], the bonded 
molecules B come from the material balance 
established by the surface diffusion equation (6). 

             (6)on t off
B k c R B k B
t


  


 

Therefore, the complete system of PDE’s which 
forms part of the mathematical model for 
dopamine with human blood mixing is given by 
equations (1)-(5) that must be satisfied in domain 
Ω, together with equation (6) satisfied in the one 
dimensional domain given by the union of 
Reaction Surface A and B of Figure 1. Note that 
this system is time dependent, non-linear and 
coupled. The complementary part of the 
mathematical model is the set of boundary 
conditions, treated next. 
 
2.2 Boundary conditions 
 
Myszka’s ideas [5] are followed to establish the 
boundary conditions. They are presented in this 
paragraph regarding the three physical laws 
mentioned in Section 2.1 and the five parts of the 
mathematical model already set. As usual, n 
represents the unitary normal outward vector. 
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1) For the electrostatic Laplace’s equation (1). A 
zero charge/symmetry condition is assumed on 
the whole boundary 

0,                    (7) n E  
but, with the objective of enhancing the binding 
surface reaction, exceptions are made on the 
electrodes where low voltages are applied as 
follows 

Electrode A: V = +V0/2,                 (8) 
Electrode B: V = -V0/2.                  (9) 

2) For the heat balance equation (2). The 
ambient (human body) temperature is assumed 
on the electrodes 

T = T0.                            (10) 
Since the flow rate is small, it can be assumed 
that temperature decreases symmetrically at the 
inlet and the outlet, so a heat flux condition is set 
there 

0( ) ( ).        (11)k T k T T      n  
All the remaining boundaries are assumed to be 
thermally insulated establishing the condition 

( ) 0.              (12)k T    n  
3) For the Navier-Stokes equations (3)-(4). It is 
assumed a parabolic inflow with average velocity 
U0 and zero velocity at the upper and lower 
boundaries. This is done by applying the 
following conditions on the inlet 

TI ( ( ) ) ,   (13)

                0,                                    (14)
entr t t t entr

t

L p p         
  

u u n

u
where Lentr is the length (1e-4 m) of a fictitious 
domain as shown in Figure 2 and pentr is set to be 
equal to p. 
On the outlet, a pressure and no viscous stress 
condition is assumed 

 T
0( ) ,   .      (15)p p     u u n 0  

 

 
Figure 2. Fictitious domain to fully develop the inflow 

 
On the remaining boundaries (upper and lower) a 
no slip condition is assumed 

.                        (16)u 0  
4) For the convection-diffusion equation (5). On 
the inlet the incoming flow has constant 
dopamine concentration 

0.                        (17)c c  

On the outlet the remaining concentration leaves 
the system through convection, so a convective 
flux condition is assumed 

( ) 0.              (18)D c   n  
On the reaction surfaces A and B the 
concentration consumed in the binding process is 
modeled assuming the condition 

    ,   (19)on t offD c c k c R B k B      n u  
which agrees with the surface diffusion equation 
(6). 
The remaining boundaries are insulated and the 
concentration gradients normal to these 
boundaries equal zero. So the condition is 

  0.              (20)D c c    n u  
5) For the surface diffusion equation (6). Recall 
that equation (6) is satisfied in a one dimensional 
domain (the union of Reaction Surface A and B), 
so the boundary condition is defined on four 
points (the edges of these segments) as follows 

  0.               (21)D B   n  
Therefore the complete mathematical model is 
contained in the set of PDE’s (1)-(6) in their 
corresponding domains, with boundary 
conditions (7)-(21). It should be remarked that 
because of the complexity of this model, a proper 
numerical strategy must be developed to find a 
solution. This will be explained next. 
 
2.3 Numerical strategy for solution 
 
Since the mathematical model just presented is 
very complex, a numerical strategy for solution 
was developed in three steps as follows. 
1st step. Solve for the electric potential V 
equation (1) with the corresponding boundary 
conditions (7)-(9). This is a stationary problem. 
2nd step. Use that solution to solve for 
temperature T, pressure p and velocity u 
equations (2)-(4) with boundary conditions (10)-
(16). This is also a stationary problem. 
3rd step. Use the solutions obtained in the two 
first steps as the initial condition to solve the 
time dependent equations (5) and (6) with their 
corresponding boundary conditions (17)-(20) and 
(21), respectively. 
To capture the entire dynamics of the system a 
[0, 5] seconds time domain was simulated. 
This scheme reduces the simulation time and 
memory requirements, in order to effectively get 
a solution for the complex mathematical model. 
 
 
 

 

 Ω 
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3. RESULTS 
 
In this Section, the results of the proposed 
mathematical physical model to enhance the 
surface reaction to mix dopamine with human 
blood are shown. Next, some technical issues 
concerning the FEM used to numerically solve 
such model are summarized. Recall that specific 
values for model parameters appear in Table 1. 
The results obtained when applying the FEM to 
solve the three steps numerical scheme described 
in Section 2.3 are shown next. 
 
3.1 Dopamine concentration 
 
The complete mathematical model is described 
by equations (1)-(6) with boundary conditions 
(7)-(21) in a time domain of [0, 5] seconds. In 
order to verify how the mixing process of 
dopamine with human blood is being enhanced 
electrokinetically, the model was first solved 
using the model parameters in Table 1, and then 
a sensitivity analysis was developed on the value 
of the applied electric potential V0. The 
additional values considered for V0 are 20 and 40 
volts. So that three different scenarios are 
studied. 
In the first scenario V0 = 0 volts and Figure 3 
shows the dopamine concentration in the vein 
segment after five seconds. It can be seen that the 
concentration is not uniform yet in the domain. 
Figure 4 shows the dopamine concentration at 
five seconds, in the second scenario where the 
applied electric potential is V0 = 20 volts. A more 
uniform concentration of dopamine in the 
domain can be seen. The effect of applying an 
electric field begins to improve the expected 
results. 
In Figure 5 the dopamine concentration at five 
seconds is shown, in the third scenario where V0 
= 40 volts. A more uniform concentration of 
dopamine in the vein segment is observed as 
consequence of a more intense electric field. 
 

 
Figure 3. Dopamine concentration at t=5 s: 0 V 

 
 

 
Figure 4. Dopamine concentration at t=5 s: 20 V 

 
 

 
Figure 5. Dopamine concentration at t=5 s: 40 V 

 
3.2 Binding reaction 
 
The most important effect of the applied electric 
potential is achieved on the total amount of 
bonded molecules. The aim of this paper is to 
show precisely this effect. 
Figure 6 summarizes the results of the three 
scenarios on the average concentration of bonded 
molecules on both reaction surfaces A and B, 
along the entire domain from 0 to 5 seconds. The 
effect of increasing the intensity of the electric 
potential can be appreciated: the average bonded 
molecules increases also in a non linear pattern. 
This way the objective to enhancing the surface 
reaction by means of electrokinetic effects has 
been achieved. 

 
Figure 6. Average concentration of bonded molecules on the 

reaction surfaces with different applied electric fields; 
electrokinetically enhanced model 
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It must be remarked that after approximately 0.5 
seconds, the behavior of the average 
concentration of bonded molecules of dopamine 
with human blood is practically linear in the 
three scenarios. This means that the nonlinearity 
of equation (3) is overridden on the steady state 
condition. 
 
3.3 Finite element method considerations 
 
Table 2 summarizes certain technical issues of 
the FEM used to numerically solve the 
mathematical model for the three scenarios. It 
was solved using COMSOL© 3.5a in a 2.50 GHz 
DELL Inspiron laptop with 8 GB RAM. For 
electric potential V, temperature T, components 
of velocity u, concentration c and bonded 
molecules B, 2nd order elements were used, 
whereas for pressure p, 1st order elements were 
employed.  
 

Table 2. Technical issues of FEM 

1st step 2nd step 3rd step 

Total mesh elements: 15,172 

Number of equations: 

31, 475 102, 578 31, 877 

 
For the time dependent equations (5) and (6) a 
time step Δt=0.1 was used to ensure convergence 
of the algorithm. 
 
Figure 7 shows the triangular mesh elements 
used for computing the numerical solution. Note 
that on the electrodes and on the reaction 
surfaces the mesh has been refined to properly 
capture the solutions to the corresponding 
equations. This triangular mesh was developed 
using the Delaunay algorithm. 
 

 
Figure 7. Triangular mesh elements 

 
4. DISCUSSION 
 
In reference [3] a benchmark model is developed 
containing only one surface reaction. As part of 
this research Figure 8 was constructed showing 

the average concentration of bonded molecules 
for the same three scenarios studied in this paper. 
It can be appreciated that the design presented 
here improves significantly the mixing process 
(compare with Figure 6). Table 3 shows that in 
the design presented here, the average of bonded 
molecules has increased at least 38 percent with 
respect to the benchmark model, after five 
seconds. 
 

 
Figure 8. Average concentration of bonded molecules on the 

reaction surfaces with different applied electric fields; 
benchmark model 

 
 

Table 3. Improvement ratio  ; [t=5 s] 

0 V 20 V 40 V 

1.94 1.38 1.38 

 
Another important characteristic of the numerical 
solution obtained for the mathematical model 
proposed in this paper is concerned with the 
mass conservation. Table 4 reports acceptable 
values about the numerical mass conservation of 
the solution, in the three scenarios, attending the 
high complexity of the model. 
 

Table 4. Numerical mass conservation 

0 V 20 V 40 V 

3.27 e-3 3.25 e-3 3.13 e-3 

 
5. CONCLUSIONS 
 
This work has presented an effective design 
along with computational modeling for a method 
to electrokinetically enhance the surface reaction 
in a vein segment, to mix dopamine with human 
blood. This model produces results than can be 
used in the medical treatment of cardiac patients 
since the time reaction is very short. Likely, this 
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method can be an alternative to avoid the more 
aggressive electroshock treatment, if the patient 
reacts to it properly. 
The model presented improves the original 
proposal [3] augmenting the bending of 
molecules 38 percent at least. It is not necessary 
to apply a very high voltage (40 volts are good 
enough) to achieve good mixing results. The 
main improvements are due to the new design 
which includes two electrodes and considers two 
reaction surfaces on the vein walls. 
Future work can consider the more realistic case 
with bulk reaction, that is, not only reaction 
surfaces on the vein walls, but reaction volume 
in the vein channel. 
Due to the formulation of the Navier-Stokes 
equations it is possible to simulate, with the 
mathematical model presented in this work, 
human blood with different dynamic viscosities. 
This could represent cardiac patients with several 
types of blood groups. 
Therefore the objective of formulating a model 
for electrokinetically enhancing the surface 
reaction to mixing dopamine with human blood 
has been achieved, and the foundations to go 
deep in this investigation have been established 
as well. This is an advance in the microfluidics 
application research field. 
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